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$\triangle_{p_{m}}u_{m}=H_{m}(|x|)u_{m+1}^{\alpha_{m}}$ , $u_{m+1}=u_{1}$ ,
$x\in \mathrm{R}^{N}$ ,
$\triangle_{p}u=\mathrm{d}\mathrm{i}\mathrm{v}(|Du|^{p-2}Du),$ $N\geq 1,$ $m\geq 2,$ $p_{i}>1,$ $\alpha_{i}>0,$ $i=1,2,$ $\cdots,$ $m$ ,
$\alpha_{1}\alpha_{2}\cdots\alpha_{m}>(p_{1}-1)(p_{2}-1)\cdots(p_{m}-1)$ . $H_{i}(r)\geq 0,$ $r=|x|$ , $[0, \infty)$
.
$(u_{1}, u_{2}, \cdots, u_{m})$ (0.1) $u_{i},$ $|Du_{i}|^{p;-2}Du_{i}\in C^{1}(\mathrm{R}^{N}),$ $i=1,2,$ $\cdots,$ $m$ ,
$\mathrm{R}^{N}$ (0.1) . $(u_{1}, u_{2}, \cdots, u_{m})$ , $ui\geq 0,$ $i=1,2,$ $\cdots,$ $m$ ,
. $u$ $u$ .
( ) , $[1, 2]$ ($m=1$ ),[3](m $=2$ ), $[4, 6](p_{i}=$
$2,$ $i=1,2,$ $\cdots,$ $m$ , ) $\mathrm{A}\mathrm{a}$ . $m=2$
:
Theorem 0.1[3, Theorems 1and 2]. $m=2$ . $H_{i},$ $i=1,2$ ,
(0.2) $\frac{C_{1}}{|x|^{\lambda}}$. $\leq H_{i}(|x|)\leq\frac{C_{2}}{|x|^{\lambda}}.\cdot$ ’ $|x|\geq r_{0}>0,$ $i=1,2$ ,
, $C_{i}>0,$ $\lambda_{i},$ $i=1,2$ , .
(i) $\lambda_{i},$ $i=1,2$ ,
(0.3) $\{$
$\lambda_{1}-p_{1}+\frac{\alpha_{1}(\lambda_{2}-p_{2})}{p_{2}-1}>\frac{\alpha_{1}\alpha_{2}-(p_{1}-1)(p_{2}-1)}{(p_{1}-1)(p_{2}-1)}\max\{0, p_{1}-N\}$ and
$. \lambda_{2}-p_{2}+\frac{\alpha_{2}(\lambda_{1}-p_{1})}{p_{1}-1}>\frac{\alpha_{1}\alpha_{2}-(p_{1}-1)(p_{2}-1)}{(p_{1}-1)(p_{2}-1)}\max\{0, p_{2}-N\}$ ,
. (0.1) .






$k_{\grave{(}}\backslash \mathrm{f}\mathrm{f}\mathrm{i}7_{-}’ T[succeq] T$. $\mathrm{Z}\mathit{0}2k\mathrm{g}(\mathrm{o}.1)\sigma)\neq,\backslash \mathrm{x}^{\backslash }\mathrm{x}_{\mathrm{t}}\ovalbox{\tt\small REJECT} 7^{f},\Gamma^{f}\backslash t3\mathrm{E}\mathrm{g}_{\backslash }(_{\llcorner}^{\mathrm{g}}\ni \mathrm{E}\Xi$Bfl $f_{d\mathrm{i}_{\Xi \mathrm{i}}^{\wedge}\mathrm{f}_{-}\Re \mathrm{g}_{+}^{n}\#\mathrm{f}\mathrm{f}\mathrm{f}\tau\pm 1_{\vee}f_{\mathrm{e}}\mathrm{r}\backslash }\wedge$ .
Theorem 0.2 [3, Theorems 3 and 4]. $m=2,$ $p_{i}=N,$ $i=1,2$ , . $H_{i},$ $i=1,2$ ,
$\frac{C_{1}}{|x|^{N}(1\mathrm{o}\mathrm{g}|x|)^{\lambda_{j}}}\leq H_{i}(|x|)\leq\frac{C_{2}}{|x|^{N}(1\mathrm{o}\mathrm{g}|x|)^{\lambda}}.\cdot$
’
$|x|\geq r_{0}>1,$ $i=1,2$ ,











Theorem 0.1 $H\text{ }=1,2$ , (0.2) , (0.1)
(0.3) .
Theorem 0.2 $N=2$ , (ii) $”<$ ” ” $\leq$ ”
. $N\neq 2$ , (ii) $”<$ ” ” $\leq$”
.
Theorems 0.1, 02 $m\geq 3$ ,
.
.$\cdot$ $A,$ $P$ .$\cdot$
$A=\alpha_{1}\alpha_{2}\cdots\alpha_{m}$ , $P=(p_{1}-1)(p_{2}-1)\cdots(p_{m}-1)$ .




Remark. (i) $\alpha_{i}$ , $A>P$ .




Theorem 1.1. $H_{i},$ $i=1,2,$ $\cdots,$ $m$ , .$\cdot$
$H_{i}(|x|) \leq\frac{C_{i}}{|x|^{\lambda_{i}}}$ , $|x|\geq r_{0}>0$ ,
$C_{i}>0,$ $\lambda_{i},$ $i=1,2,$ $\cdots,$ $m$ , . , $\lambda_{i}$ $\Lambda_{i}$
$\Lambda_{i}>\frac{A-P}{P}\max\{0,p_{i}-N\}$ , $i=1,2,$ $\cdots,$ $m$ ,
. (0.1) .
Theorem 12. $p_{i}=N,$ $i=1,2,$ $\cdots,$ $m$ , . $H_{i},$ $i=1,2,$ $\cdots,$ $m$ ,
.$\cdot$
$H_{i}(|x|) \leq\frac{C_{i}}{|x|^{N}(1\mathrm{o}\mathrm{g}|x|)^{\lambda_{i}}}$ , $|x|\geq r_{0}>1$ ,
$C_{i}>0,$ $\lambda_{i},$ $i=1,2,$ $\cdots,$ $m$ , . , $\lambda_{i}$ $\Lambda_{i}$
$\Lambda_{i}>\frac{A-(N-1)^{m}}{(N-1)^{m-1}}$ , $\dot{\iota}=1,2,$ $\cdots,$ $m$ ,
. (0.1) .
Remark. $m=2$ [3] .
Schauder-Tychonoff . [5] .
2. Growt.h estimates for nonnegative entire solutions
(0.1) .
Theorem 2.1. $H_{i},$ $i=1,2,$ $\cdots,$ $m$ , .$\cdot$
$H_{i}(|x \})\geq\frac{C_{i}}{|x|^{\lambda_{i}}}$ , $|x|\cdot\geq r_{0}>0$ ,
$C_{i}>0,$ $\lambda_{i},$ $i=1,2,$ $\cdots,$ $m$ , . $(u_{1}, u_{2}, \cdots, u_{m})$ (0.1)
$u:,$ $i=1,2,$ $\cdots,$ $m$ , ..
$u_{i}(|x|)\leq\tilde{C}_{i}|x|^{\beta_{i}}$ at $\infty$ , $i=1,2,$ $\cdots,$ $m$ ,
$\tilde{C}_{i}>0,$ $i=1,2,$ $\cdots,$ $m$ , , $\beta_{i},$ $i=1,2,$ $\cdots,m$ , (0.4) .
Theorem 2.2. $p_{i}=N,$ $i=1,2,$ $\cdots,$ $m$ , . $H_{i},$ $i=1,2,$ $\cdots,m$ ,
.$\cdot$
$H_{i}(|x|) \geq\frac{C_{i}}{|x|^{N}(1\mathrm{o}\mathrm{g}[x|)^{\lambda_{j}}}$ , $|x|\geq r_{0}>1$ ,
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$C_{i}>0,$ $\lambda_{i},$ $i\ovalbox{\tt\small REJECT} 1,2,$ $\cdots,$ $m$ , . ( $u_{1},$ $u_{2},$ $\cdots$ , u\mapsto (0.1)
, $u_{\ovalbox{\tt\small REJECT}},$ $\ovalbox{\tt\small REJECT}\ovalbox{\tt\small REJECT} 1,2,$ $\ovalbox{\tt\small REJECT},$ $m$ , $\ovalbox{\tt\small REJECT}$
(2.1) $u_{i}(|x|)\leq\tilde{C}_{i}(\log|x|)^{\beta_{i}}$ at $\infty$ ,
$\tilde{C}_{i}>0,$ $i=1,2,$ $\cdots,$ $m$ , , \beta $=1,2,$ $\cdots,$ $m$ , (0.4) .
Theorem 2.1 [5] .
Theorem 22 .
Lemma 2.3 $pi=N,$ $i=1,2,$ $\cdots,$ $m$ , . $(u_{1,2}u, \cdots, u_{m})$ (0.1)
. , $u_{i},$ $i=1,2,$ $\cdots,$ $m$ , ..
$u_{i}(r) \geq u_{i}(0)+(\int_{0}^{r}s^{N-1}H_{i}(s)(\log\frac{r}{s})^{N-1}u_{i+1}(s)^{\alpha_{i}}ds)^{\sqrt{-1}}1$ , $r\geq 0$ .
[5] .
Theorem 22 . $\mathrm{u}=(u_{1}, u_{2}, \cdots, u_{m})$ (0.1)
. $\mathrm{u}\not\equiv \mathrm{O}$ . $\mathrm{u}$ $u_{i}(r)>0,$ $r\geq r_{*},$ $i=1,2,$ $\cdots,$ $m$ ,
$r_{*}>r_{0}$ . $R\geq r_{*}$ . Lemma 23
(2.2) $u_{i}(r)$ $\geq$ $u_{i}(0)+( \int_{0}^{r}s^{N-1}H_{i}(s)(\log\frac{r}{s})^{N-1}u_{i+1}(s)^{\alpha_{i}}ds)\frac{1}{N-1}$
$\geq$ ($\int_{e^{R}}^{r}s^{N-1}H_{i}(s)(\log$ r-log $s)^{N-1}u_{i+1}(s)^{\alpha_{j}}ds$)
$\frac{1}{N-1}$
, $r\geq e^{R}$ .
1Og $s=t,$ $\log r=\rho$ (2.2)




$( \tilde{C}_{i}R^{-\lambda_{j}}\int_{R}^{\rho}(\rho-t)^{N-1}u_{i+1}(e^{t})^{\alpha_{i}}dt)\frac{1}{N-1}$ , $R\leq\rho\leq 3R$ ,
$\tilde{C}_{i}>0$ . , $C$ . $f_{i},$ $i=1,2,$ $\cdots,$ $m$ ,
,
(2.3) $f_{i}( \rho)=\tilde{C}_{i}R^{-\lambda_{i}}\int_{R}^{\rho}(\rho-t)^{N-1}u_{i+1}(e^{t})^{\alpha}\cdot.dt$ , $R.\leq\rho\leq 3R$ .
$f\in C^{N}[R, 3R]$ $f_{i}$ :
$u_{i}(e^{\rho})\geq f_{i}(\rho)^{\frac{1}{N-1}}$ , $R\leq\rho\leq 3R$ ,
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$f_{i}^{(k)}(\rho)\geq 0$ , $R\leq\rho\leq 3R$ , $f_{i}^{(k)}(R)=0$ , $k=0,1,2,$ $\cdots,$ $N-1$ ,
(2.4) $f_{i}^{(N)}(\rho)$ $=$ $CR^{-\lambda_{i}}u_{i+1}(e^{\rho})^{\alpha_{l}}$
$\geq$ $CR^{-\lambda_{i}}f_{i+1}(\rho)^{\frac{\alpha}{N-1}}$ , $R\leq\rho\leq 3R$ .
(2.3) $u_{i}$
(2.5) $f_{i}(\rho)$ $\geq$ $CR^{-\lambda_{i}}u_{i+1}(e^{R})^{\alpha_{i}} \int_{R}^{\rho}(\rho-t)^{N-1}dt$
$\geq$ $CR^{-\lambda_{i}}(\rho-R)^{N}u_{i+1}(e^{R})^{\alpha:}$ , $R\leq\rho\leq 3R$ .
$i\in\{1,2, \cdots, m\}$ . $(2.4)$ $f_{i+1}$ $[R, \rho]$ $N$
$f_{i}(\rho)f_{i+1}’(\rho)^{N}\geq CR^{-\lambda_{i}}f_{i+1}(\rho)^{\frac{\alpha}{N-1}+N}$ , $R\leq\rho\leq 3R$ .
(2.4)
$f_{i-1}^{(N)}(\rho)f_{i+1}’(\rho)^{\frac{N\alpha_{i-1}}{N-1}}\geq CR^{-\frac{\lambda.\alpha_{i-1}}{N-1}-\lambda_{i-1}^{\alpha_{N}\alpha_{1-1}}+\frac{N\alpha_{i-1}}{N-1}}.f_{i+1}(\rho)^{(\neg_{-1)}}.\cdot.$ , $R\leq\rho\leq 3R$ ,
.




$(2.6)$ $f_{i+1}’$ $[R, \rho]$ $(N-1)$
$\geq CR^{-\mp^{L}}R_{i}’N$ , $R<\rho\leq 3R$,
. $[2R, 3R]$ , (2.5) $I\acute{\mathrm{t}}_{i},$ $L_{i}$
$u_{i+2}(e^{R})\leq$




Theorem 3.1. $H_{i},$ $i=1,2,$ $\cdots,$ $m$ , .$\cdot$
$H_{i}(|x|) \geq\frac{C_{i}}{|x|^{\lambda_{i}}}$ , $|x|\geq r_{0}>0$ ,
$C_{i}>0,$ $\lambda_{i},$ $i=1,2,$ $\cdots,$ $m$ , . , $\lambda_{i}$ $\Lambda_{i}$
$\Lambda_{i}\leq\frac{A-P}{P}\max\{0,p.\cdot-N\}$ for some $i\in\{1,2, \cdots, m\}$ ,
. $(u_{1}, u_{2}, \cdots, u_{m})$ (0.1)
.
$(u_{1}, u_{2}, \cdots, u_{m})\equiv(0,0, \cdots, 0)$ .
[5] .
Remark. $m=2$ [3] .
Theorem 32. $p_{i}=N,$ $i=1,2,$ $\cdots,$ $m$ , . $H_{i},$ $i=1,2,$ $\cdots,$ $m$ ,
.$\cdot$
$H_{i}(|x|) \geq\frac{C_{i}}{|x|^{N}(1\mathrm{o}\mathrm{g}|x|)^{\lambda_{i}}}$ , $|x|\geq r_{0}>1$ ,
$C_{i}>0,$ $\lambda_{i},$ $i=1,2,$ $\cdots,$ $m$ , . , $\lambda_{i}$ $\Lambda_{i}$
$\Lambda_{i}\leq\frac{A-(N-1)^{m}}{(N-1)^{m-1}}$ for some $i\in\{1,2, \cdots, m\}$
. $(u_{1}, u_{2}, \cdots, u_{m})$ (0.1)
$(u_{1}, u_{2}, \cdots, u_{m})\equiv(0,0, \cdots, 0)$ .







$N\geq 1,$ $p_{i}>1,$ $\alpha_{i}>0,$ $i=1,2,$ $\cdots,$ $m$ , $A>P$ . $|x|\geq 1$
$\frac{C_{i}}{|x|^{\lambda_{1}}}$
.
$\leq\frac{1}{(1+|x|)^{\lambda_{i}}}\leq\frac{\tilde{C}_{i}}{|x|^{\lambda_{i}}}$ , $|x|\geq 1$ , $i=1,2,$ $\cdots,$ $m$
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. , Theorems 1.1, $3\ovalbox{\tt\small REJECT}$ ( $3.\mathfrak{y}$
$\Lambda_{i}>\frac{A-P}{P}\max\{0,p_{i}-N\}$ , $i=1,2,$ $\cdots,$ $m$ .
Theorem 32 . $(u_{1}, u_{2}, \cdots, u_{m})$ (0.1)
. , $u_{i},$ $i=1,2,$ $\cdots,$ $m$ , .
(3.2) $\{$
$(r^{N-1}|u_{i}’(r)|^{pi}-2u_{i}’(r))’=r^{N-1}H_{i}(r)u_{i+1}(r)^{\alpha_{i}}$ , $r>0$ ,
$u_{i}’(0)=0$ ,
$i=1,2,$ $\cdots,$ $m$ .
Theorem 2.2 $\text{ }uj,$ $i=1,2,$ $\cdots,$ $m,$ $\#\mathrm{h}$
(3.3) $u_{i}(r)\leq C_{i}(\log r)^{\beta_{i}}$ at oo
, $C_{i}>0,$ $i=1,2,$ $\cdots,$ $m$ , .
$\Lambda_{i_{0}}<\frac{A-(N-1)^{m}}{(N-1)^{m-1}}$
$i_{0}\in\{1,2, \cdots, m\}$ $\beta_{i_{0}}$ $\beta_{i_{0}}<1$ . (3.2)
(3.4) u (r) $=$ $u_{i_{0}}(0)+ \int_{0}^{r}s^{-1}(\int_{0}^{s}t^{N-1}.H_{i_{0}}(t)u_{i_{0}+1}(t)^{\alpha_{i_{0}}}dt)^{\frac{1}{N-1}}ds$
$\geq$
$\int_{r_{\mathrm{r}}}^{r}s^{-1}ds(l^{r_{\mathrm{r}}}t^{N-1}H_{i_{0}}(t)u:_{0+1}(t)^{\alpha_{j_{0}}}dt)\frac{1}{N-1}$
$\geq$ $C\log r$ , $r\geq r_{1}>r_{*}$ ,
$C>0$ . (3.3) $\beta_{i_{0}}<1$ .
$\Lambda_{i}\geq\frac{A-(N-1)^{m}}{(N-1)^{m-1}}$ , $i=1,2,$ $\cdots,m$ ,
. $\Lambda_{i}$
$\Lambda_{i_{0}}=\frac{A-(N-1)^{m}}{(N-1)^{m-1}}$
$i_{0}\in\{1,2, \cdots, m\}$ . $i_{0}$ $i_{0}=m$ .
$\Lambda_{i}\geq\frac{A-(N-1)^{m}}{(N-1)^{m-1}}$ $\Lambda_{m}=\frac{A-(N-1)^{m}}{(N-1)^{m-1}}$
(3.5) $\lambda_{i}\leq-\sum_{j=1}^{m-i-1}\{\frac{(\lambda_{i+j}-N)}{(N-1)^{j}}\prod_{k=0}^{j-1}\alpha_{i+k}\}+\frac{\prod_{k=0}^{m-i-1}\alpha_{j+k}}{(N-1)^{m-i-1}}+1,$ $i=1,2,$ $\cdots,$ $m-2$ ,
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(3.6) $\lambda_{m-1}\leq\alpha_{m-1}+1$ .
(3.2) $[r_{*}, r]$ 2
(3.7) $u_{i}(r) \underline{>}u_{i}(r_{*})+\int_{r_{*}}^{r}s^{-1}(\int_{r_{*}}^{s}t^{N-1}H_{i}(t)u_{i+1}(t)^{\alpha_{i}}dt)\frac{1}{N-1}ds$
(3.4)
$u_{m}(r)\geq C\log r$ , $r\geq r_{1}>r_{*}$ ,
, $C>0$ . (3.5), (3.6), (3.7)
$\Lambda_{i_{0}}=\frac{A-(N-1)^{m}}{(N-1)^{m-1}}$ for some $i_{0}\in\{1,2, \cdots, m\}$ ,
$\Lambda_{i}>\frac{A-(N-1)^{m}}{(N-1)^{m-1}}$ , $i=i_{0}+1,$ $i_{0}+2\cdots,$ $m-1$
$u_{i_{0}}(r)\geq C\log r(\log(\log r))^{\frac{1}{N-1}}$ , $r\geq r_{2}>r_{1}$ ,
, $C>0$ . (3.3) $\beta_{i_{0}}$
$u_{i_{0}}(r)\leq C\log r$ at $\infty$
. ( [5] )
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